This paper is devoted to the low Mach number limit of weak solutions to the compressible Navier-Stokes equations for isentropic fluids in the whole space R d (d = 2 or 3). This problem was investigated by P. L. Lions and N. Masmoudi. We present here a different approach based upon Strichartz's estimates for the linear wave equation in the inviscid case, which improves the convergence result and simplifies the proof. We prove that the velocity field is strongly compact and converges to a global weak solution of the incompressible Navier-Stokes equations.
Introduction
Let us consider a viscous compressible fluid filling the whole space R d (d = 2 or 3) governed by the compressible Navier-Stokes equations. The fluid's evolution is assumed to be isentropic, with a γ pressure law: p(ρ) = ρ γ (γ > 1), so that the equations read as and C 0 > 0 is independent of the Mach number of the flow ε > 0, which goes to 0. We suppose that the viscosity coefficients λ and µ satisfy µ > 0 and λ + 2µ > 0. For the sake of simplicity, λ and µ are assumed independent of ε, and the reference densityρ equal to 1. We also assume that the initial data satisfy The existence of global weak solutions to (1.1)-(1.3) for a fixed Mach number ε > 0 was obtained by Lions (1993 Lions ( , 1998b (1.5)
In order to define weak solutions, the following Orlicz spaces L
where H p (r) = r 2 when r ∈ [0, 1] and H p (r) = r p when r > 1. Assuming (1.3), Lions proved that for any fixed ε > 0, there exists a global weak
where q = γ − 1 + 2γ/d. Furthermore, the energy inequality holds for almost every t 0
Formally, now letting ε go to 0, ρ ε converges to 1, since from (1.6), π ε 0 is bounded uniformly in ε. Moreover, from (1.1), we deduce that div u ε converges to 0, and u ε converges to some u satisfying the incompressible Navier-Stokes equations
However, the above heuristics do not take account of acoustic waves, which propagate with the high speed 1/ε in the space domain. Indeed, the analysis is completely different in the case of 'well-prepared' data (π
). The purpose of this note is to prove a global convergence result to Leray's weak solutions of the incompressible Navier-Stokes equations with initial velocity P u 0 as the Mach number ε goes to 0, where P denotes as usual the Leray projection on divergence-free vector fields.
The case of periodic boundary conditions was treated in Lions & Masmoudi (1998) by using the group generated by the wave operator introduced in Schochet (1994) and Grenier (1997) . Because of fast-propagating acoustic waves, the velocity u ε converges only weakly to the incompressible solution u. Notice also that we can pass to the limit in the acoustic wave equations on Qu ε = (I − P )u ε , which generalizes linear acoustics (see Schochet 1994; Grenier 1997; Gallagher 1998) .
In the case of a C 2 bounded domain Ω of R d , convergence results were obtained in Lions & Masmoudi (1998) for particular boundary conditions, which are somehow transparent with respect to the wave equation. In , we considered Dirichlet boundary conditions (u ε = 0 on ∂Ω) and proved that for general initial data and generic domains, acoustic waves are instantaneously damped, due to the formation of a boundary layer of size √ ε near the boundary ∂Ω. This phenomenon is similar to the case of the 'Ekman pumping' for rotating fluids (see, for instance, Grenier & Masmoudi 1997; Desjardins & Grenier 1997b) .
The whole space case R d was considered in Ukai (1986) and Hagstrom & Lorenz (1998) for strong solutions locally in time. In Hoff (1998) , convergence results are proven for well-prepared data as long as the incompressible limit solution is suitably smooth. In Lions & Masmoudi (1998) , global results for weak solutions are given using the group method of Schochet (1994) and Grenier (1997) . However, Lions & Masmoudi (1998) did not use the dispersion of acoustic waves at infinity, which turns out to yield the strong convergence of the velocity u ε to the incompressible one u locally in space, and actually simplifies the proof.
Our main theorem reads as follows.
is a global weak solution of the incompressible Navier-Stokes equations (1.7) with initial data u |t=0 = P u 0 , and
Notice that no extraction of subsequences is needed for Qu ε . Indeed, the whole sequence converges to 0 with an explicit rate in terms of powers of ε.
This paper is organized as follows: in § 2, we introduce the main notations and functional spaces. In § 3, we use Strichartz's estimates to obtain the time decay of the gradient component of the velocity. Finally, we prove in § 4 the strong convergence of the incompressible part of the velocity.
Preliminaries (a) Notations
Before getting into the heart of the matter, we introduce or recall some definitions of functional spaces needed in this paper. First, we shall use non-homogeneous Sobolev spaces for 1 < p < ∞ and s ∈ R defined as usual by
and homogeneous spaceṡ
We will also make continuous use of Leray's projectors Q on the space of gradients, vector fields, and P on the space of divergence-free vector fields given by
Let us introduce finally a smoothing kernel
We will use the following estimate
Another useful estimate valid for 1 < p 2 < p 1 < +∞, s 0 and α ∈ (0, 1) reads as
Indeed, the left-hand side of (2.2) is estimated by
Assuming that weak solutions (ρ ε , u ε ) exist for all time (which is the case as soon as γ γ 0 ), we deduce in view of the energy inequality (1.6) that π ε and ρ
Using the convexity of the function
, we deduce as in Lions & Masmoudi (1998) that
and when γ 2,
We conclude that the density fluctuation
, where κ = min(γ, 2). In addition, we recall as in Lions & Masmoudi (1998) 
which satisfy
6) and for p < κ when d = 2 (resp. p = 2κ/3 when d = 3)
so that we deduce from (2.6) and (2.7) with p = 1 that
where β ∈ (0, 1) when d = 2 and β = 2/3 when d = 3. Moreover, recalling that γ > d/2, we deduce that u ε is uniformly bounded in
and using (2.4) when γ 2, or the splitting on ρ ε given by (2.3) when γ < 2, we obtain uniform bounds on Ψ ε u ε needed in the next two sections,
Therefore, using Sobolev's embeddings
Finally, we derive uniform bounds on the initial data Ψ 
On the other hand, m ε 0 can be written as
As a consequence, (
Strong convergence of Qu ε to 0
We now wish to prove that the gradient part of the velocity Qu ε converges strongly to
We want to show the following convergence result.
Theorem 3.1. Under the assumptions of theorem 1.1,
Notice that theorem 3.1 implies by the Cauchy-Schwartz inequality that Qu
Let us observe first that the compressible Navier-Stokes equations (1.1) and (1.2) can be rewritten in terms of the density fluctuation
where
2) Introducing the wave group operator t → L(t) = exp(−A 0 t) and using Duhamel's formula, we deduce that
Notice that we used the fact that Q and L commute, since Q and A 0 do. In order to prove theorem 3.1, we now use, as in Ukai (1986) and Zumbrun & Hoff (1995) , the dispersion bounds on the wave operator in the whole space R d . As a matter of fact, L(t) is clearly an isometry on every Sobolev spaceḢ
However, time-decay estimates can be obtained by looking for bounds on
, as soon as some information on derivatives of φ is available. Indeed, a particular case of Strichartz's inequalities (Ginibre & Velo 1995; Keel & Tao 1999) provides the following estimate,
Let us mention at this point that Strichartz's estimates are essentially used for the low-frequency part of the waves. Indeed, the high frequencies can be truncated using the Sobolev embeddings and the uniform L 2 (0, T ;Ḣ 1 ) bounds on u ε . Thus, we can prove the following. 
Proof . Changing the time-scale and applying (3.4) withφ = (I − ∆) −(s+σ)/2 φ, we obtain (3.6). In order to prove (3.7), we write
.
Hence from Fubini's theorem, we deduce that
, using finally (3.6).
, and σ ∈ (0, ∞) given by (3.5). In order to prove theorem 1.1, we split Qu ε as follows
Hence applying (2.1), (2.9) and (2.2), we obtain
We now have to estimate
and
On the other hand, we deduce from the uniform bound on u
where β is given as in § 2 b. Now using lemma 3.2 and the fact that L(t) is an isometry on every
, we obtain for all η > 0 small enough Choosing, finally, α in terms of ε such that the two terms in the right-hand side of (3.10) are of the same order α 2+σ+d/p+η = ε 1/q , we obtain that for all η > 0 small enough 
